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Abstract
Based on the virtual power in ﬂuid mechanics, a novel approach has been used to uncover the mechanics of aerodynamic forces
acting on a body in incompressible ﬂows. After the analysis of the typical examples, it is found that the instantaneous forces are
composed of four types: 1) the unsteady eﬀects (e.g. added mass forces), 2) the boundary kinetic energy ﬂux (e.g. Magnus force)
and dissipation eﬀects (e.g. Stokes drag), 3) the ﬂow structure contribution (so-called vortex force), and 4) the explicit body force
contribution (e.g. buoyancy).
c© 2015 The Authors. Published by Elsevier Ltd.
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1. Introduction
In aerodynamics, it is a very important target to measure the forces acting on a body and to ﬁnd the mechanisms
of force generation, especially to express the forces in a way that can precisely capture the key physical mechanisms
contributing to the integrated performances. One can measure or calculate the stress on a body surface and apply the
surface integral to get the force in the various ﬂow phenomena generated by the body and other boundaries, and even
visualize the ﬂow structures (streamlines, the contours of pressure or vorticity, etc.). However, it is still confusing us
that how ﬂow structures and boundaries contribute themselves to the net instantaneous force.
There are two types of theories can be used to answer the question. One is based on various derivative moment
transformations, which execute multidimensional integration by parts to cast the original integrand to a moment of its
derivatives [1]. The vorticity moment theory expresses the total force and moment by the rate of change of momentum
impulse and angular impulse (the ﬁrst- and second-order vorticity moments, respectively) [2]. After this theory, there
appeared the boundary vorticity-ﬂux theory, which expresses the total force and moment in terms of the ﬁrst and
second moments of the stress-related boundary vorticity ﬂuxes [3]. Another type of theories is called the projection
theory [1]. This theory multiplies each term of the Navier-Stokes equation by an auxiliary velocity, then obtains the
force (pressure eﬀect) by integrating them in the ﬂuid ﬁeld. The force due to local pressure eﬀect is replaced by other
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Fig. 1. The moving cylinder (a) and the virtual streamlines (b).
quantities (e.g. Lamb vector). Quartapelle & Napolitano [4], Howe [5, 6] and Chang [7] have studied on the total
hydrodynamic forces exerted to rigid body in incompressible ﬂows with uniform density, and Chang & Lei [8] has
extended the study for compressible ﬂow. These studies have a common feature, that the forces can be expressed in a
variety of scalar forms. So these works inspired the author to reform a conceptual framework on analytical mechanics
for ﬂuid mechanics, the virtual power principle (also called the virtual velocity principle) [9].
In the present paper, the author introduces brieﬂy an approach to uncover the mechanisms based on the virtual
power principle. Then, some typical examples as the application have been used to reveal the mechanisms of the
instantaneous forces acting on a body in the ﬂuid.
2. The formula of the force acting on a body in an incompressible ﬂow
In the reference [9], the general form of the virtual power principle is stated as: For arbitrary virtual velocity u∗0,
the virtual power done by the internal stress is equal to that done by the external generalized body forces and all the
generalized surface forces. That is,
∫
V
σ ji
∂u∗i
∂x j
dV =
∫
V
ρ( fi − duidt )u
∗
i dV +
∮
S
Tiu∗i dS (1)
where σ ji is the stress tensor, ρ, ui, fi,Ti are the mass density, velocity, body force and surface stress. Furthermore,
the theorem of the aerodynamic force has been deduced and stated as: Assuming a virtual ﬂow caused by a body
translating (or rotating) along a speciﬁed direction at a constant virtual velocity (or angular velocity), we can get that,
the virtual power done by the hydrodynamic force (or torque) acting on the body along this direction equals to the
diﬀerence between what done by the generalized body forces minus the virtual internal stress power.
In an incompressible ﬂow involving Newtonian ﬂuid, the force acting on a body can be expressed as following,
u∗0 · F
= −
∮
S
ρϕn · du
dt
dS︸︷︷︸
T1
+
∮
S
ρϕn · [(ub − U0) · ∇](u − U0)dS −
∮
S F
ρ(n · ∇ϕ) |u − U0|
2
2
dS
︸︷︷︸
T2
−
∮
S
μω · [n × (u∗b − ∇ϕ)]dS︸︷︷︸
T3
−
∫
V
ρ[ω × (u − U0)] · ∇ϕdV︸︷︷︸
T4
+
∫
V
ρ f · ∇ϕdV︸︷︷︸
T0
(2)
where, the virtual velocity ﬁeld is incompressible and irrotational, and the real ﬂuid volume V is surrounded with S .
So it is regarded as an incompressible potential ﬂow with the following characteristics: (a) the ﬂow is without history
eﬀects, (b) it is only determined by the boundary condition, and (c) the perturbation decays rapidly with increasing
distance from the virtual moving body. Furthermore, the above formula has Galilean invariance in arbitrary inertial
reference systems [see ref. 9, eqn. 3.18].
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Fig. 2. The ﬂow around a rotating cylinder (a) and the virtual streamlines ((b))
3. Some samples as the application of the virtual power principle
3.1. The added mass eﬀect of a moving cylinder
As shown in ﬁgure 1(a), a cylinder, with radius , moves from left to right at a variable speed U(t) along the x-
direction in an incompressible ﬂow. In the instantaneous cylindrical coordinates system (r, θ), the boundary condition
is set as u · n = −U(t) cos θ, and the virtual velocity potential ϕ is gotten by solving the Laplace equation,
ϕ = −u∗0
a2
r
cos θ (3)
where the virtual velocity u∗0 is along the x-direction. The virtual streamline is shown in ﬁgure 1(b).
For the invisid ﬂow, it is true that T2 = T3 = T4 = 0. So, the force is contributed only by T1, that is,
u∗0 · F = T1 = −
∮
S
ρϕn · du
dt
dS = −ρπa2 dU(t)
dt
u∗0
Then, we get
F = −ρπa2 d U(t)
dt
(4)
which means that the moving cylinder must undergo the aerodynamic load along the inverse direction of the acceler-
ation. It is the famous added mass eﬀect, as does happen also in viscous incompressible ﬂows.
3.2. The Magnus eﬀect of a rotating cylinder
In this case, assuming a cylinder rotates at constant angular speed (the circulation is Γ) in an inviscid uniform ﬂow
(V∞) and is virtually moved on the side way (shown in Fig. 2a), the surface tangential velocity can be written down
as,
uθ = −2V∞ sin θ − Γ2πa
Let the cylinder virtually move on the side way (shown in Fig. 2b), then the virtual velocity potential function is
ϕ = u∗0
a2
r cos(θ − π2 ). So, the force acting on the cylinder is,
u∗0 · F = T2 = −
∮
S F
ρ(n · ∇ϕ) |u − U0|
2
2
dS
= −ρu∗0V∞Γ (5)
which is the Magnus eﬀect for the rotating cylinder. It shows the boundary kinematic energy ﬂux contribute the net
force acting on the body, just like the Bernoulli integration in calculating the force. If the ﬂow is viscous, the integral
T2 can be used to analyze the eﬀects of the boundary deformation.
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Fig. 3. The sketch of a cylinder with a point vortex outside and its mirror vortices.
3.3. The force acting on a cylinder with a point vortex
To analyze the hydrodynamic force acting on a cylinder with an outside point vortex in an inviscid rest ﬂow, we set
the intensity of the vortex Γ, and its position (R0, 0) while the origin is located on the center of cylinder. Then, in the
cylindrical coordinate system, we can get the velocity distribution on the surface of cylinder{
vr = 0
vθ = − Γπa 1−(R0/a) cos θ(R0/a)2−2(R0/a) cos θ+1
and the velocity of the vortex⎧⎪⎪⎨⎪⎪⎩
vr = 0
vθ = Γ2πR0
−a2
R20−a2
In this case, the values of T1,T4 take zeros and according to the virtual velocity potential given in the equation (3), we
get
T2 + T3 = −(u∗0)i
∫
S F
ρni(u ju j/2)dS −
∫
V
ρ(εi jkω juk)
∂ϕ
∂xi
dV
= u∗0(
Γ2
πa
)(
ρ
2R
)
1
(R2 − 1) + u
∗
0
Γ2
πa
(
ρ
2R
)
1
R2 − 1
−1
R2
where R = R0/a. So, the integral force is expressed as
F =
T2 + T3
u∗0
= (
Γ2
πR0
)(
ρ
2
)
a2
R20
(6)
with its direction pointed to the vortex.
This case shows that the vorticity in the ﬂow (exactly the Lamb vector ω × u) can contribute the force (T3 or F3)
acting on the body, which is always called vortex force.
3.4. Stokes ﬂow past a small sphere
In Stokes ﬂow past a small sphere (shown in Fig. 3), the inertia is negligible in the governing equation at very low
Reynolds numbers. Then the solution of the velocity around the sphere in the spherical coordinate system (r, θ, φ) is⎧⎪⎨⎪⎩ vr(r, θ) = V∞ cos θ(1 −
3
2
a
r +
1
2
a3
r3 )
vθ(r, θ) = −V∞ sin θ(1 − 34 ar − 14 a
3
r3 )
(7)
where a is the radius of the sphere. And the potential induced by the sphere translating with the virtual speed u∗0
(shown in Fig. 4b) is given as,
ϕ = −u∗0
a3
2r2
cos θ
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Fig. 4. The sketch of Stokes ﬂow past a sphere (a), the virtual streamlines in inviscid ﬂow (b) and the creeping ﬂow (c).
According to the formula (2), the virtual power down by the sphere is
u∗0 · F = T3 = −
∮
S
μω · [n × u∗b]dS +
∮
S
μω · [n × ∇ϕ]dS
= u∗0(4πμV∞a) + u
∗
0(2πμV∞a) = u
∗
0(6πμV∞a) (8)
So, we can see in the stokes ﬂow, the total drag of a small sphere is composed of two part: one is the surface
friction (4πμV∞a), the other is the pressure drag (2πμV∞a), which are both listed in the term T3.
3.5. The buoyance of a body in the ﬂuid
Consider an arbitrary body in a ﬂuid and the ﬂow with uniform medium, since the body force is always conserva-
tive, such like the gravity, fi = ∂(−gz)/∂xi, its virtual power can be written down as,
u∗0 · F = T0 =
∫
V
ρ f · ∇ϕdV = −(u∗0)i
∫
S
ρgznidS = (u∗0)i
∫
V0
∇i(ρgz)dV = u∗0 · (ρgV0k) (9)
where V0 is the volume the body occupied. This formula gives the buoyancy along the virtual translational direction.
4. Conclusion
Based on the virtual principle proposed by the author, the key physical mechanisms of the aerodynamic forces
acting on a body has been uncovered. The typical examples have been used to explain the instantaneous forces acting
on a body in the ﬂuid: the unsteady eﬀects (e.g. added mass forces), the boundary kinetic energy ﬂux (e.g. Magnus
force) and dissipation eﬀects (e.g. Stokes drag), the ﬂow structure contribution (so-called vortex force), and the
explicit body force contribution (e.g. buoyancy). The approach will open a door to reveal the physics of forces acting
on a body in ﬂuids
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